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METHODS OF STABILIZING THE MOTIONS OF
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Yu. K. ZOTOV and A. V. TIMOFEYEV
St Petersburg
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Methods of synthesizing stabilizing and robust control laws for non-linear reversible systems which ensure
asymptotic stability of programmed motions, specified figures of merit and decomposition of transients are
considered. Non-linear canonical transformations of state space and the controls are obtained which simplify
the synthesis and analysis of the laws of the stabilization of reversible dynamic systems.

1. FORMULATION OF THE PROBLEM

Consider a controlled system, the dynamics of which is described by a system of ordinary differential
equations of the form

z=F(z,u,t), ty)=25, t=14 (1.1)

Here zg, z = z(t) are n-dimensional vectors of the states of the system at the initial and present
instants of time, u is an m-dimensional vector of the controls, and F is an n-dimensional vector
function which satisfies the conditions for a solution of system (1.1) to exist and to be unique.

Suppose we are given a programmed motion 2z, = z,(t), £ > fo which is a particular solution of system
(1.1) for a certain permissible programmed control u = u, = u,(f) and initial condition z,, = z,(t,).
The programmed motion z,(t) will be called the unperturbed motion, while any other motion z(¢) of
system (1.1) under the action of acceptable controls will be called a perturbed (real) motion. Then the
quantities

€, =2-2,, euzu_up (12)

are perturbations, i.e. deviations of the real (perturbed) and programmed motions, which satisfy the
equation in deviations

e‘z = [:z(ez,e“,t), ez (tO) = e’()’ t= to (1.3)
Here
Fle,.e,.0) = F(e,+ 2,8, +u, 1)~ F(z,,u,,t) (14)

where F,(0,0,¢) = 0.
For a wide range of dynamical systems the structure of Eqs (1.3) and (1.4) is such that

e, =col(e,,....e, ), n=mr (1.5)

F (e, e, t)=col(F, (e},1),...,F, _ (€] .1).F, (€].¢,.1) (1.6)
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F, (el .1)=Ci(el,0)+ Di(e},1e i=l..,r-1 1.7

Ziy1?
Fzr(ezr’eu't):Cr(ezr't)+Dr'(ezr")eu (18)

Here e, is an m-dimensional vector, e = col(e,,, . - - , €,) are mi-dimensional vectors, C; and D;
(@ =1,...,r) are specified vector and matrix functions, the vector functions F,, i = 1,...,7)
(1.7) and (1.8) are continuous and continuously differentiable a sufficient number of times with
respect to their arguments, and the matrix functions D; (i = 1, ..., r) in (1.7) and (1.8) are non-
degenerate for all possible values of their arguments, i.e.

rankD,-(ei,t)=m, VeiER'"i, t=t, i=1,...,r (1.9)

where R™ is mi-dimensional Euclidean space.

Examples of such systems are mechanical and electromechanical systems described by the
Lagrange—Maxwell equations.

Equations (1.3)—(1.9) can be written in an expanded form with respect to the control e,

e, =F, (e'',1)=Ce},1)+ D(e;.0)e, |, i=1,.,r-1 (1.10)

e, = D;'(e],1)e;, - C,(e;,1) (1.11)

System (1.3)(1.9), which possesses the above-mentioned property of solvability, belongs to the class
of reversible controlled systems. It follows from the fact that it is reversible, taking (1.2) into account,
that the initial system (1.1), (1.4)(1.9) is also reversible. It was shown in [1-6] that the reversible
controlled system (1.1), (1.4)~«(1.9) possesses the property of global controllability and it is easy to
construct a programmed motion z,(¢) for it in analytic form and the corresponding programmed

control up(t).

We will assume that the following relations hold for each of the vector functions C; i = 1,...,r)

and the matrix functions D;(i = 1, .. ., r) for all possible values of their arguments

. k o . .
ICi(el. 1< Y aleil, Vel €R™, 121y, i=l,...,r (1.12)
j=

|D,(el, < d; <o, Vel €R™, t=1y, i=1l...r (1.13)
where a; =0 ( =1, ..., k), d; > 0 are certain constants. We will assume that similar relations hold

for the partial derivatives of C; (i = 1,...,r)and D; (i = 1, ..., r) with respect to their arguments.
We will say that the programmed motion z,(f) of system (1.1) is stabilized if a control law exists with
feedback with respect to the state vector z(¢) of the form

u=u(z,t)=u,(t)+e,(z-2,,1) (1.14)

which ensures the asymptotic stability of z,(¢) of system (1.1) and (1.4)(1.9) as a whole.
The properties, criteria and laws of stabilization of the programmed motion of reversible controlled
systems further develop and extend the results obtained previously in [1-14].

2. CANONICAL FORMS OF THE DESCRIPTION OF REVERSIBLE
CONTROLLED SYSTEMS

The proposed method of analysing the stability and of synthesizing stabilizing controls for non-
linear reversible controlled systems are based on reducing (1.1) and (1.4)—(1.9) to certain simple
“canonical forms” using non-linear transformations of the coordinates in state and control spaces. It
is important to note that for reversible controlled systems in canonical form the problems involved in
analysing the stability of the programmed motion and of synthesizing stabilizing controls are simplified
considerably.
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The canonical form of the first type is the representation of the reversible controlled system in the
form

e, = P(e;.N)e, +Q(er e, e ltg)=72,, t=1, (2.1)
where
e, =col(e e ) 22)

X2 Cx,

is an n-dimensional vector of the “canonical” state of the system, e, € = col(e,, . . ., e;) are m- and
mi-dimensional vectors, e,, is an m-dimensional vector of the “canonical” control, and P and Q are
n x n and n X m matrix functions of the form

| NOR)) B,(el,t) 0 .0
B, (e2,0) Py(el,t) Py(el,) O .0
P(el.1) = : i . i - :
ED=p @) o Bl 0 23)
Pr—].l(e;_l't) Pr—l,r—l(e;—l’t) Pr—l,r(e;_lvt)
B_i(es,t) P, i(egt) P, (e5,t)
ez, t) = 0 2.4
(ey,1)= 0.(el1) (2.4)

where |P(e}, )| < k1 < o, |Q(e5, 1)| < K3 < oo, Ve, € R", t = 1, where X;, x; are certain positive con-
stants, and for the partial derivatives of the element-functions of the m x m blocks P; i = 1, ..., r;
j=1,..., i) of the matrix-function P with respect to their arguments, relations similar to (1.12) are satis-
fied, while for the partial derivatives of the element-functions of the m x m blocks P; ;.1 (i = 1, .. .,
r — 1) of the matrix M and the m x m block Q, of the matrix Q with respect to their arguments, relations
similar to (1.13) are satisfied, and O is the zero matrix of corresponding dimensions.

For reversible controlled systems, the matrix functions P; ;.1 (| = 1, ..., r— 1) and the block Q, are
non-degenerate for all possible values of their arguments, i.e.

rank B, (el t)=m, Vel,teR™, t=1, i=1l,.,r-1 (2.5)
rank Q,(e;,t)=m, Ve, €R", t=1t, (2.6)
Within the framework of the canonical representation of reversible controtled systems of the first

type it is best to distinguish two subclasses of canonical forms which are distinguished by the structure
of the matrix function P in Eq. (2.1), namely

R Go) Plz(e,]pt) 0 ...0
~BRy (e 1) Py(el,t) Pyl 0 .0
, 0 —Py(el,t), Pg(ele) :
P(er,t)=f . . . . P s
' ’ r—2.r—l(ex ,t) 0
0.0 ~Bp (6700 P_y(er 0 By
0 .. 0 N N R N N CAaN)

.7)
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By(t) Ry(t) O .. 0
0 Py(el,t) Pyle,t) O .. 0
- N . . s
P(ex ’t) - 0 R_z‘r_z(e;_gyt) P_2,,_1 (e;—3’ t) 0 (2.8)
0 RN CACRO Y A Ot
0 P,(e;”\1)

The canonical form of the second type is the representation of the reversible controlled system in
the form

e, =Pe, +Qe,, e(ly)=¢,, =1 2.9)

where e, is the n-dimensional vector (2.2) of the “canonical state” of the system, and P and Q are
constant matrices having the same structure as the matrix functions P (2.3) and Q (2.4), where the m
xmblocks P; ;1 (i = 1,...,r—1) of the matrix P and the m xm block Q, of the matrix Q are non-

degenerate, i.e.

rank P ;. =m, i=1,...,r-1; rankQ, =m (2.10)

Note that in the special case when the matrices P and Q in (2.9) have the form [4-6]

0
0,

where I,,, is the unit m x m matrix, the reversible programmed control (2.9) has the simplest “canonical
form”, and its state vector is determined by canonical variables of the form

0 fin
0 0

(2.11)

>

-]

. -1 . :
ex=col(exl,...,ex,)=col(ex,,exl,...,e§|' ), € =€ s i=2,..,r (2.12)

where e, is the ith derivative with respect to time ¢ of the variable e, = e, (f).

3. REDUCTION OF THE REVERSIBLE CONTROLLED SYSTEMS TO
CANONICAL FORM

We will construct a one-to-one transformation of the state and control spaces of the initial reversi-
ble controlled system (1.3)—(1.9) which reduce it to a simpler “canonical form” (2.1)-(2.6).
We will seek transformation in the form

e, =¥'(e,t), e,=Y, (e.e,0 3.1

where ¥’ and ¥, ; are n- and m-vector functions of the following respective forms

¥’ (e,,1) = col(¥,(e},1),.... ¥, (], 1)) (32)

Y (e).)=K, +Le,, K =0, Li=1, (3.3)

¥ (el =K, (el )+ Lite, e, i=2,...,7 (3.4)

W, (e, e,.0)= K,y (e,,0)+ Ly (e, t)e, (3.5)

Here K; (i = 2,...,r + 1) is an m-vector function, and L; ({ = 2, ..., r + 1) are m x m matrix

functions, to be determined.
We will write an algorithm for obtaining the unknown vector-functions K; (i = 2,...,r + 1) and the

matrix-functions L; ( = 2,...,r + 1).
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Consider the r identities

€, = ¥i(el,t)=K; + Le, +Le, =¢,
€, = ‘I’,f(e:,t) = K;(eé",t)+ L}(ei‘l Je, + Li(e;",t)e;i, i=2,...,r=1 (3.6)
e, =¥ (e].)=K (] .+ L (e . )e, + L, (e, 1)e;

Replacing the derivativese; (i = 1,...,r)ande; (i = 1, ..., r) in (3.6) by means of the formulae

P i+1 - 1 1
e, =F, (e, )= P“(e;,t)exl +..+P (e e

- 3.7)
e, =F (ef.e,,t)= Fi(ep,0)+...+F, (g, e, +Q,(er.t)e,
and using (1.7) and (1.8), we obtain the relations
R\(ep.tey + Paley.De,, = K + Lie, + Li(Ci(},1)+ Dy(e},t)e,,)
By(ex,0e, +..+ Py (eh, ey, = Ki(e] 1)+ Li(el ™ 1)e,, +
+Li(e; 1(Ci(e, )+ D(eju e, ) i=2,..,r -1 (3.8)

P, (ef,te, +...+ P (ef. e, +Q,(ef. e, = K (e} 1)+
+L,(e;",0e, + L (e]"',1)(C,(e,.t) + D, (e, 1)e,)
In a reversible controlled system of canonical form (2.1)—(2.6) the matrix-function P;; is non-
degenerate by virtue of (2.5). Hence, the first equation (with i = 1) of system (3.8) can be solved for

e;, and we can obtain the desired second transformation (with i = 2) from (3.4) connecting the
variables e, and e,, with vector function ‘Pz(eﬁ, t), in which

Ky (e3,1) = B3\ (e, 1)K + Lie, + LiCi(e}, 1) - Ry (e}, e, 1= By (e, DICi (€},1) = Ry (e}, 1ey )
(3.9)
Ly(e;.1) = B3 (. 0Dy (e.1)

Continuing this process, i.e. substituting into each current ith equation (beginning with i = 2) from
(3.8) the previously obtained vector-functions ; (j = 1, . . ., i), K; and the matrix function L; and taking
into account, by (2.5) and (2.6), the fact that the matrix functions P; ;1 (i =2,...,r—1) and Q, are non-
degenerate, we obtain the required transformations of (3.4) and (3.5) (fori = 3,...,r + 1), in which

Ki(el'tym P2 (WL 0Ky (6520 + Ly (672 0)e,  +

i1

. . i-1 .
+Li—l (e;-zyt)ci—l (e;-l ’ t) - 2 P,'_l,k(qﬂ_l ,t)‘pk ], im 3,..., r

k=1
L,y =P} (W OL_ (e 2, 0D (711, i=3,...,r
Krai(en) = 07 (¥ 0K (0 + L (] ey, + (3.10)
+L (e DC, (€0 - 3 By (¥, 0% ]
kel

L,.i(e,.1) = O (¥.0L (€], 0)D, (e} 1)
V¥ = col(W,,..., W), WE=wh(ek,n),
Y =W (eh ), kml..i-1; W =W(e,0)

Since, taking relations (3.3), (3.4), (3.10), (1.9), (2.5) and (2.6) into account we have
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rank L, = m, rank Li(e;‘l,t) =-m, Ve;"l eR™D 4> ty, i=2,...,r+l (3.11)
and the n x m Jacobi matrix Jyr (€}, £) = 0¥ (e,, t)/0e, has a block lower-triangular form, we have
rank J,, (e;',0)=n, Ve ER™MD, 1=y (3.12)
Taking (3.1), (3.5) and (3.11) into account we have
rank Jy (e, ,t)=m, Ve € R", t=1¢, (3.13)
Jy,, (e, )= 0Y,,,(e,.e,,t)/ de, = L, (e,,1)

Solving the first equation of (3.1) for e, and the second equation for e,, we obtain the inverse
transformations

e, = D' (e,,1) = col(D, (e}, 1),..., D, (e}, 1)) (3.14)
e, =P, (e e,.1)
where

Dy(e;,0) =M, + Nie,, Di(e;,0)=M(el, 1)+ Ni(el ' 1)e,

i=2,..,r; e =col(e,,,....e. ), ex=e, M =0, N=1I,

M =L@ 0K, (@, N =L@, (3.15)

D,,1(er 1) = M, (e,,0)+ Ny (e, 0)e,

My (ep D) = =L (@, 0K, (®7,8), N,,i(et)= L} (®",0)

o =col(®,,..., B, ), =00

O, =D, (ek,1), k=1,..,i-1;, & =®"(el,1)

We can similarly construct one-to-one transformations for the canonical forms (2.1), (2.2), (2.7),
(2.4)2.6); (2.1), (2:2), (2.8), (2.4)2.6) and (2.9)—2.10). They can also be obtained from (3.1)—(3.5),
(3.9), (3.10), (3.14) and (3.15) by replacing (2.3) by (2.7) and (2.8), respectively, or by replacing (2.3)
and (2.4) by the matrices P and Q from (2.9). In Section 7 we will derive explicit formulae (7.2) and
(7.3) for the direct and inverse transformations of (3.1)~(3.5), (3.14) and (3.15) for the electro-
mechanical reversible controlled systems considered in [4-14].

4. CRITERIA FOR THE STABILITY AND STABILIZATION OF PROGRAMMED
MOTION FOR REVERSIBLE CONTROLLED SYSTEMS WITH A CANONICAL
FORM OF THE FIRST TYPE

We will first consider the problem of ensuring asymptotic stability of the programmed motion in a
closed reversible controlled system, whose dynamics can be represented in the canonical form of the
first type (2.1)~(2.8). We will synthesize the stabilizing control law with feedback with respect to e, in
the form

e, =Tg(e.,t)e, 4.1)
where the matrix of the gains

To(e . t) =T (egu),.... To, (e, I (42)

is an m x n matrix function consisting of m x n blocks I'; j = 1, ..., ).
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Suppose the reversible controlled system has a canonical form of the first subclass of the first type,
i.e. it is described by Egs (2.1)«2.2), (2.7) and (2.4)—(2.6). We will construct the matrix Iy given by
(4.2) in the form

To(e,,t) =0T, (e, , 0l 4.3)
Tor(ex,1) =07 (e, 05, (e, 1) (44)

so that
T(e}™,t)=P(e,1)+ Q(el, 1)y (e, 1) 4.5)

and we will choose the blocks P; (i = 1, . . ., r) of the matrix function P (2.7) and (2.5) and the block
Iy of (4.4), where [y is an m x m matrix function, in the matrix function Iy (4.3), so that the matrix
function I" (4.5) is such that

-[Ce ™ n+T (e, .01/ 2=G (e 1) (4.6)
Here G, is a quasi-diagonal symmetric matrix function of the form
G, (el 1) = diag(G,, (1), GIZ(e)lc’t)""’Glr(e;_l’t)) 4.7)
where

G =—(Ri(O+ PR /2, Gyt ry=—~(Pie,0)+ P (" 1)) 12,

i=2,..,r-1

(4.8)
G (e . =~(P, (el )+ Ty, (el )+ Prel ™ 1)+ Ty (el 1)) 1 2

are m x m blocks with positive diagonal elements with a predominant diagonal, i.e. the following
inequalities are satisfied for their elements gyu; (k,j = 1,...,m;i=1,...,r)

gi()>0, t=1y, k=L..,m gu(e',n)>0, Vel e R™D,

t=t,, k=1,....m i=2,..,r

m
'i;\‘f) g”kk(t)—jg,‘ g =8, >0, t=1y, k=1....m 4.9)
jek
: i1 < i-1 .
el;‘lek'l"r(lit“l)";’(' S1ikk (e; ,') _]§] 'g“kj (e; ,t)l = Sik > 0, k= 1,..., m, 1= 2,..., r
j*k
where §; (k =1,...,m;i=1,...,r) are certain positive constants.
Then the equation of the transients in the closed canonical reversible controlled system (2.1), (2.2),
(2.7), (2.4)+(2.6) and (4.1)~(4.9) has the form

e, =T(e] "\ De,, e ()= €, =1 (4.10)

where T is the matrix function of (4.5)—(4.9).
We will consider the function

Vie,)= Yle I (4.11)

and calculate its derivative with respect to ¢ by virtue of (4.10) and (4.5)—(4.9)
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Vie ()= Y0e, )P ) = Ber(tXT(e;™ .+ (€)™ ,1))e, (1) =
=—e; (NG, (), 0)e, (1), t=1, (4.12)

It follows from (4.9) that the quasi-diagonal symmetric matrix function G, (4.7)<(4.9) is positive
definite for all values of its arguments, i.e.

G(el',1)>0, Vel eR™™Y, =y, (4.13)
Hence we obtain the following limit from (4.12) and (4.11)
V(e (1) = —e, ()G (e) ", 0)e (1) < —yle (D = =27, V(e (1)), t=1, (4.14)
Here v, is a parameter such that

0<y, < An(er ) (4.15)

., inf
e R™D h2y,

where A,, (¢, #) is the minimum eigenvalue of the positive definite matrix function G, of (4.7)—(4.9)
and (4.13). From (4.14) and (4.15) we obtain c(e,(t)) < V(e,(to)) exp[-2y1(t — to)], t = t,. Hence, once
again using (4.11) we obtain

le (D <le,, P expl-2Y,(t=15)], e (to)=e, ., 121, (4.16)

Consequently, the position of equilibrium e, = 0 of system (4.10), (4.5)—(4.9) is asymptotically stable
as a whole with the limit

le ()<le, lexp[-Y,(t—15)], e (to)=e€,, =14 (4.17)

Substituting e, from (3.1) and e, from (4.1)—(4.9) into (3.14) and (3.15) we obtain the stabilizing
control law with feedback with respect to e,

€, =@l Tolen e, 1) =@, [¥ (e, ). To (¥ (e,,1),)P (e,,),1] (4.18)
for the initial reversible controlled system (1.3)—(1.9), (1.12) and (1.13).
The equation of the transient in the closed initial reversible controlled system (1.3)-(1.9), (1.12),
(1.13), (4.18) and (4.3)~(4.9) has the form
e) = Fy(e,,®,,, (¥ (.01 To(¥ (e, ,1).)0¥ (e,,100.1),0), e, (fg)=¢,, t=1 (4.19)

Using the relations for the finite increments of the vector function @'(e,, #) (3.14) and (3.15) and for
the limit of the transient (4.17), (1.12) and (1.3), we obtain for the canonical reversible controlled
system

= pole, (D)=

Iez(t)l=ld>'(ex,t)l=‘[} Jo,(ee;",t)de)ex(t)]
0

= uolex (to )|exp[--‘Y] (t bt to )] = ].I.0|‘P'(ez (to ), to )l exp[—'Yl (’ - to )]r t = to (4.20)
Here
Sr-1 d ~r—1yj
E,i—le[()s,ggll.lzl()'Jq’, € OIS Vot ,E'l leex V= Ho
(4.21)

Jo(er =00 (e, 1)/ 3e,, [0,e]']={g] 12} =0e,",0<0=<1)



Methods of stabilizing the motions of reversible dynamic systems 991

andvg > 0,v;=0(j =1,...,s) are certain parameters.

It follows from (4.20) and (4.21) that the position of equilibrium e, = 0 of the initial reversible
controlled system (1.3)~(1.9), (1.12) and (1.13) with control law ¢, (4.18) and (4.3}~(4.9) is asymptotic-
ally stable as a whole. Consequently, the programmed motion z,(¢) of the initial reversible controlled
system (1.1), (1.3)«1.9), (1.12) and (1.13) also with control law (1.13), (4.18) and (4.3)(4.9) is
asymptotically stable as a whole with the transient limit (4.20) and (4.21).

We will now consider the problems of the stability of the programmed motion and of synthesizing a
stabilizing control law for the reversible controlled system with a canonical form of the second subclass
of the first type (2.1)-(2.2), (2.8) and (2.4)—(2.6).

For the canonical reversible controlled system (2.1)—(2.2), (2.8) and (2.4)2.6) we will synthesize a
stabilizing control law e, with feedback with respect to e, in the form (4.1), (4.3) and (4.4) and we will
choose the blocks P; (i = 1, . . ., r ~ 1) of the matrix function P (2.8) and (2.5) and the block Iy, (4.4)
of the matrix function Iy (4.3) so that the matrix function I (4.5), (2.8) and (4.3) is such that

~[Ce ™, D+T (™ 01/ 2=G (el . )+ G, (el 20) (4.22)

Here G is a quasi-diagonal symmetric positive definite matrix function (4.7)-(4.9), (4.13) and the
matrix function G, has the form

0 Ry () 0 0
Pyt O Pyel,t) 0 0O
G2(e;_2,t)=—% 0 Byl . . (4.23)
: 0 P, (e 2 r)
0 .. 0 P, (el 0

Suppose the following relations are satisfied

inf[&, - %el Plz(t)l]z o, >0

e

. 1
inf [82 —Eelﬂz(t)l—%sli’n(ei,t)l]? o, >0

e eR" 1=y,

(4.24)

1 - 1 .
[8.- _EEIPI—IJ(C; 2,r)l—5elP,._,.+,(e; ',r)|]> a;>0, i=3,..,r-1

-, inf
e R oy

[8, - %el P,_l',(e;_z,t)l] =a,>0

., inf
‘,é-l ERm(r—Z)";'"

where §; = ming - y_m 84, S (k=1,...,m;i =1,...,r) are positive constants from (4.9) and &, o;
(i =1,...,r) are certain positive parameters.

The equation of the transient in the closed canonical reversible controlled system (2.1), (2.2), (2.8),
(2.4)(2.6), (4.1)-(4.5), (4.7)~(4.9) and (4.22)—(4.24) then has the form

e, = l"(e;'l ey, e fg)=e, ., t=1, (4.25)
Making the following replacement of variable in (4.25)
e, =He, (4.26)

where e, = col(e,,, .. .,e,), ¢, (i =1,...,r)are n- and m-dimensional vectors

1
H = diag(l,,.€1,,.....e""1,,) (4.27)

is a constant, diagonal, positive definite n x n matrix, and € > 0 is the parameter from (4.24), we can
reduce it to the system

e, =T (e, . D)e,, e,(ty)= ey, 131 (4.28)
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Here
Tl .)=H'T(He," .OH (4.29)

where Hy = diag(l,,, €l, ..., € 21,,) and € > 0 is the parameter from (4.24), where the matrix I, (4.29)
is such that

~W(C (el O+ T (el ) =— W (H'T(He;” .)H+ HT (Hye, ' ,)H ™) =

=-W(H'T( " ,HH+HT (el ,0H ) = Gy (el 1) +€Gy(el7201) (4.30)
where G, is the positive definite matrix function (4.7)+(4.9) and (4.13) while G, is the matrix function
(4.23) which satisfied (4.24).

Consider the function

Vie,)= Yle,I* (4.31)

We will calculate its derivative with respect to ¢ by virtue of (4.28), taking into account relations
(4.29)(4.31), (4.7)~(4.9), (4.13) and (4.22)—(4.24). We obtain the relation

Ve, () =Y, (D) = Ve, ()T, (e; .+ Ty ey ))e, (1) =

= e, (t)G,(Hie] ™" ,) +£G, (H ;7% 1))e, (1) =
=—e,(1)(G, (&, 1)+Gy(e; %, 1))e, (1) < —g ale, P <-1,V(e,), 1=1  (432)

where Hy = diag(lpy, €l - - -, € I,); € > 0,0, >0 (i = 1,. .., r) are parameters from (4.24) and
Yo =minoyi=1,...,7

From (4.32) we find V(e,(t)) = V(e,(to)) exp[-2y. (t - ty)], t = t,. Hence, using (4.31) once gain we
obtain the relation

le, () <le, P exp[-2Y,(1 1)), €,(f)=e,, 1= 1 (4.33)

Consequently, the position of equilibrium e, = 0 of system (4.28) is asymptotically stable as a whole
with the limit

ley(t)‘gtem‘exp[-72(t_tﬂ)]’ ey(t(]) =&, t= t() (4.34)

Hence it also follows from (4.26) and (4.27) that the position of equilibrium e, = 0 of system (4.25),
(4.5), (4.22)~(4.24), (4.7)~(4.9) and (4.13) is asymptotically stable as a whole with the limit

le (1< Byle, lexpl—Y,(t—1p)), €, (fp)=ey, t=1y (4.35)

where By = |H| |H!|.

By analogy with the preceding case, using (4.20), (4.21) and (4.35) it can be shown that the position
of equilibrium e, = 0 of the closed initial reversible controlled system (4.19), (1.4)~(1.9), (1.12), (1.13),
(4.3)-(4.5), (4.22)-(4.24), (4.7)(49) and (4.13) is asymptotically stable as a whole and,
consequently, the programmed motion z,(f) of the initial reversible controlled system (1.1),
(1.3)~(1.9), (1.12) and (1.13) with control law u (1.14), (4.18), (4.3)-(4.5), (4.22)~(4.24), (4.7)-(4.9)
and (4.13) is also asymptotically stable as a whole with transient limit

e, (N=ID" (e,,1) < Pole, (DI poByle, (b Nexpl—y,(t —15)] <

< poBy ¥ (e, () 1o lexpl=Y, (1= 1)), =14 (4.36)
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where | is a positive parameter defined in the same way as (4.21) and vy, and B, are the parameters
from (4.35).

5. CRITERIA OF THE STABILITY AND STABILIZATION OF THE

PROGRAMMED OPTION FOR A REVERSIBLE CONTROLLED SYSTEM
WITH CANONICAL FORM OF THE SECOND TYPE

We will now consider the problems of the stability and stabilization of the programmed motion for
a reversible controlled system which can be represented in canonical form of the second type (2.9),
(2.2) and (2.10). Taking into account the structure of the constant matrices P and Q from (2.9) and
(2.10) it can be shown that rank ||Q, PQ, . . ., P"'Q]| = n. Consequently, the pair (B Q] is
controllable and a constant m X m matrix

Iy =llyy,..., T, Ml (5.1)

exists, where ['y; (j= 1, ..., r) are m x m blocks such that the matrix
C=P+Qr, 5.2)
ReA, (<0, i=l...n (5.3)

where A(I') ¢ = 1, ..., n) are the eigenvalues of T
We will synthesize the control law with feedback with respect to e, in the form

e, =Tqe, (54)

Then the equation of the transient in the closed canonical reversible controlled system (2.9), (2.2),
(2.10), (5.4) and (5.1)~(5.3) has the form

e, =Te,, e(ty)=e., t=1¢ (5.5)

Consequently, the position of equilibrium e, = 0 in the closed reversible controlled system (5.5),
(5.2) and (5.3) is asymptotically stable as a whole with transient limit of the form

le, (DI Byle, (fo)lexplys(t—1)], t=1 (5.6)

where v; = max; Re \(I) ({ = 1, ..., n), and B, > 0 is a parameter which depends solely on the I,
Substituting e, from (3.1) and e, from (5.4) and (5.1)—(5.3) into (3.14) and (3.15) we obtain the
stabilizing control law with feedback with respect to e,

€, = d>,+] (ex,r‘oex,t) = ¢r+] (\Pr(ez,t), FO‘P'(ez,t),t) (5.7)

and the equation of the transient in the closed initial reversible controlled system (1.3)-(1.9), (1.12),
(1.13), (5.7) and (5.1)~«5.3) of the form

e, = F;(ez,d),ﬂ(‘l’r(ez.t), I'O‘P'(ez,t), H,1), e, (ty)= €y 1 =1, (5_8)
Estimating the transient in (5.8) using (4.20) and (5.6) we obtain

le, (D=0 (e, )< pole (DI poP,le, (tplexplys(f—15)] =
=HoBy W' (e, (50) 1 Nexplys(t—t5)], t=1, (5.9)
where i, is a parameter defined in the same way as (4.21), and B, and y; are the parameters from

(5.6).
Hence it follows that the position of equilibrium e, = 0 in the closed initial reversible controlled



994 Yu. K. Zotov and A. V. Timofeyev

system (5.8), (1.4)~(1.9), (1.12), (1.13), (5.7) and (5.1)~(5.3) is asymptotically stable as a whole. Con-
sequently, the programmed motion z,(f) of the initial reversible controlled system (1.1), (1.4)-
(1.9), (1.12) and (1.13) with control law (1.14), (5.7) and (5.1)—(5.3) is asymptotically stable as a whole
with the transient limit (5.9).

6. DECOMPOSABILITY, ROBUSTNESS AND STABILIZATION QUALITY OF THE
REVERSIBLE CONTROLLED SYSTEM

Crossed dynamic couplings are an inherent feature of multidimensional reversible controlled
systems. The intensity of the interaction between these couplings depends non-linearly on the actual
state. Because of this, when using linear proportional-integral controllers in a closed reversible
controlled system the quality of the transient deteriorates considerably and a loss of stability of the
programmed motion becomes possible.

An advantage of the synthesized non-linear stabilization laws of programmed motion is the fact that,
by a correct choice of the parameters of the matrices of the gains, one can ensure complete compen-
sation of the crossed couplings and a specified form of the attenuation of the transients in a closed
reversible controlled system.

A reversible controlled system will be said to be decomposable if a control law exists for which the
equation of the transient in the closed system can be expanded into a system of independent equations
in the controlled coordinates.

It can be shown that synthesized control laws ensure that a reversible controlled system is
decomposable in this sense. Thus, for example, for a reversible controlled system in canonical form of
the second type (2.9), (2.2) and (2.10) it is sufficient to choose the blocks of the matrix P from (2.9)
and of the matrix I'y (5.1) such that

P; =diag(Pj Jx=1» i=Loor=1 j=1..,i+l (6.1)
Ty, =0 (=P, +Ty)), Ty =diagTop )iy, j=1er

Then, the equation of the transient (5.5) can be split into m independent equations of the form

E,;k =—kExk’ Exk(t0)=exko’ ta‘o’ k=1,...m (6‘2)
Prixk P O 0
Pl kk Puu Pnw 0 .. 0
T, = UL
Pr-1kk - Pr-1,rik
Lotk Dok
where &, = col(e,,, - . ., &) is an r-dimensional vector of the state of the system, where e, =

col(e;,, - - - , €,) are n- and m-vectors.

The parameters of the equations of the transient (6.2), taking (6.1) into account, are the cocfficients
Lo G =1,...,,k =1,..., m)—the elements of the matrix fo=1ITo,..., o ||, where Ly = Oy
+ P; = diag Toi)’=1 (G = 1, .. ., m) found from the matrix of the gains Ty (5.1) of the stabilizing
control law e,, (5.4) and (5.1}+5.3).

It is obvious that they can always be chosen so that the transient has a previously specified form and
rate of damping. In the important practical case when n = 3m, which corresponds to the dynamics of
electromechanical reversible controlled systems, the parameters of the law of stabilization of the
programmed motion can be chosen using Vyshnegradskii diagrams, starting from the requirement to
ensure the desired form of transient damping (monotonic, aperiodic or oscillatory) and specified
figures of merit (accuracy, speed of response, etc.).

Theoretical formulae have been obtained [4, 6] for the parametric synthesis of non-linear stabilizing
and modal laws of control of reversible controlled systems in a canonical form of the second type with
Vyshnegradskii parameters. It is important to note that these stabilization laws ensure robustness of
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the reversible controlled system, i.e. the stability of the programmed motion with respect to limited
parametric and constantly acting perturbations [4, 6]. Using non-linear transformations in state space
and the equations proposed above, it is easy to extend these results to a wider class of reversible
controlled systems and to synthesize corresponding robust stabilization laws of the programmed
motion with feedback with respect to the initial or canonical state vectors. On the basis of the
stabilizing and robust stabilization laws one can synthesize adaptive control of the programmed
motion of reversible controlled systems using the methods described in [1-3, 7-14].

7. APPENDIX
For electromechanical reversible controlled systems with a d.c. motor with a rigid reduction gear,

which describes the non-linear dynamics of robots, lathes, etc. [4-14], the equations in deviations have
the form (1.3)(1.9), where n = 3m and

e, =col(g—qp.q' —qp.1-1,), Fy(el.)=q —g;,F, (e}.n=

= AT (@ ky - b(g.q 1)~ A (@) kn T, —b(p. 05,1, Fyjle] e, )=

=L (e, —RU-1,)~kip(q' —qp)). Ci(r},.)=0, Di(e},0)=1,

Cae; .= A7 (@) knl, ~b(a.q . )= A7 (g, knl, —b(g,ap.0), Dy(el.N)= A (9dky

Cy(e} .y =~L " (RU~1p)~keip(q ~q,)), Ds(e}.ny=L"

A(g)=Ji, +i5' Ag(q).  b(g.q".0)=koi,q' +i;"by(4.q".1)

(7.1)

Here ¢ is an m-dimensional vector of the generalized coordinates of the mechanical part—the slave
mechanism of the electromechanical reversible controlled system, Ay(q) is a positive definite m x m
matrix of the kinetic energy T = log'*4¢(g)q of the slave mechanism of the electromechanical
reversible controlled system

bo(g.q 1) = Ay (@)q - %3(q” Ag(9)q")/ 3g +0T1/dq - Qp;

IT = II(q) is the potential energy of the slave mechanism of the reversible controlled system, Qg =
0o(g; q', t) is an m-dimensional vector of the generalized forces (torques) of the resistance acting on
the slave mechanism, I is an m-dimensional vector of the currents in the armature circuits of the
d.c. motor, e, is an m-dimensional vector of the controls—the deviations of the controlling voltages
u, applied to the armature circuits of the d.c. motor, from their programmed values u,, J, ko, ky, L,
R, k, are diagonal matrices of the electromechanical parameters of the d.c. motor, which are positive
real quantities, and i, is a diagonal matrix of the transfer constants of the reduction gears (such that
¢ = i,q, where ¢ is the vector of the angles of rotation of the shafts of the motors).

For the electromechanical reversible controlled system (1.3)(1.9), (7.1) the operators of direct
and inverse transformations in state spaces and Eqs (3.1) and (3.14) have the following respective
forms

eZ] exl
¥ (e, 1) =Ky (el )+ Ly(eh ey, | @ ety =Ma(e}. 0+ Na(ex ey,
Ky(el .0+ La(e? ey, Ms(e2 1)+ N3(e2 ey,
Wyle, e,.t)=Kqle, )+ Ly(ey e, Paleg.en.t)= My(e; 1)+ Ny(ey e, (7.2)

Here
Ky(el,ty=—R7' (e}, OB (e}1), - Ly(e;.1) =P (ert)

2 . .
K3(e2,0)= Pl (¥? ,t)[- 3 P (W20, + K3 (eh )+ Ly (ef ey, + Lz(ei,:)cz(ef,x)]
k=1
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Ly(e.0)= P53 (¥2,0)Ly (e} ,)Dy (€2 1) (7.3)
1l 3 3 o2 ) 2 3
Ky(e,.0)= P (¥ ,t)[—z Py (¥, 1), +K3(ez,t)+L3(ez,t)ez3+L3(ez,t)C3(ez,t)]
k=1

Ly(e,.1) = P (P2, 0)Ly(e} 1) Dy (e}, 1)

where the matrix functions P; = 1,...,3;j = 1,...,i + 1) and the vector functions ‘¥, pk k=1,
2, 3) are defined in (2.3), (2.5) and (3.10), while the vector functions M; (i = 2, 3, 4) and the matrix
functions N; (i = 2, 3, 4) are defined by (3.15).

10.

11.

12.
13.

14.

REFERENCES

. TIMOFEYEV A. V,, Adaptive stabilization of programmed motion and an estimate of the adaptation time.

Dokl. Akad. Nauk SSSR 248, 3, 545-549, 1979.

. POPOV Ye. P. and TIMOFEYEYV A. V,, Principles of velocity control in the problem of the analytic synthesis

of stabilization automata. Dokl. Akad. Nauk SSSR 256, 5, 1073-1076, 1981.

. POPOV Ye. P. and TIMOFEYEV A. V, Controllability in subspace and adaptive modal regulators. Dokl

Akad. Nauk SSSR 273, 5, 1070-1073, 1983.

. TIMOFEYEV A. V, Properties of reversible population dynamics and the synthesis of high-quality robust

control. Izv. Akad. Nauk SSSR. Tekh. Kibernitika 1, 4045, 1991.

. ZOTOV Yu. K and TIMOFEYEV A. V, Controllability and stabilization of programmed motion of

reversible mechanical and electromechanical systems. Prikl. Mat. Mekh. 56, 6, 968-975, 1992.

. ZOTOV Yu. K. and TIMOFEYEYV A. V,, Stabilization of programmed motions with specified figures of merit

in reversible controlled systems. Avtomatika 3, 15-23, 1991.

. GINZBURG A. R. and TIMOFEYEV A. V,, Adaptive stabilization of programmed motions of mechanical

systems. Prikl. Mat. Mekh. 41, 5, 859-869, 1977.

. TIMOFEYEYV A. V. and EKALO Yu. V., Stability and stabilization of programmed motions of a robot-

manipulator. Avtomatika Telemekh. 10, 148-156, 1976.

. PAVLOV V. A. and TIMOFEYEYV A. V, Construction and stabilization of programmed motions of a mobile

robot-manipulator. Izv. Akad. Nauk SSSR. Tekh. Kibernetika 6, 91-101, 1976.

TIMOFEYEYV A. V, Adaptive control of the programmed motion of dynamic systems. Avtomatika 3, 36-43,
1978.

TIMOFEYEV A. V,, Construction of Adaptive Programmed-motion Control Systems. Energiya, Leningrad,

1980.
TIMOFEYEV A. V., Control of Robots. 1zd. LGU, Leningrad, 1986.
KOZLOV V. V, MAKARYCHEV V. P, TIMOFEYEV A. V. and YUREVICH Ye. 1, Robot Control

Dynamics. Nauka, Moscow, 1984.
TIMOFEYEYV A. V,, Adaptive control of robots. Izv. Akad. Nauk SSSR. Tekh. Kibernetika 1, 154-165, 1989.

Translated by R.C.G.



